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Introduction
Throughout the paper G = (V, E) . IS a simple graph without isolated vertices with vertex set V and edge set E. All definitions not given here can be found in ill.
The vertex-forwarding index of a graph was introduced in [3] as a measure of the vulnerability of a network. In order to evaluate it for the lexicographic product of graphs, a parameter called p(G) is defined as follows [7] .
Definition. Let G* be the symmetric digraph obtained by replacing each edge of a graph G by two opposite arcs. We consider the spanning subdigraphs H of G* such that the outdegree d;(x) of every vertex x is equal to 1. Let A-(H) = max, d;(x).
Then we define p(G) as the minimum of A-(H) over all such subdigraphs H.
In this note we prove that this parameter is linked with the following known notions.
Definition [2] . A graph G is quasi-regularizable if, by multiplying each edge of G by a nonnegative integer, we can get a regular multigraph of nonzero degree.
Definition [9] . The binding number of a graph G is b(G) = min{lr(X)ll]Xl: Xc V, X #0, T(X) # V}.
Here T(X) = U xeX T(x), where I'(x) is the set of vertices adjacent to x.
Definition [.5
]. An {S,, $, . . . , St,}-factor of a graph G is a spanning subgraph of G consisting of vertex-disjoint stars on at most p + 1 vertices.
Here Si = K,,i denotes the star on i + 1 vertices.
We will see that p(G) = 1 if and only if G is quasi-regularizable (Section 2), that the case p(G) > 1 can be studied as a factor problem for a family of stars (Section 3) and that in any case p(G) = [l/b(G)] (Section 4). For T c V we denote by Z(T) the set of isolated vertices of the induced subgraph G -T. The length of a path or a cycle is the number of edges or arcs in it.
Case p(G) = 1
Theorem 2.1. If G is a simple graph without isolated vertices, then the following properties are equivalent:
(ii) G* has a (1, 1)-factor.
(iii) G has a spanning subgraph each connected component of which is either a K, or an odd cycle (which is also called a { K2, C3, C5, . . . }-factor in [5]).
(iv) G is quasi-regularizable.
(v) IGVI 2 PI f or every independent set S of vertices of G. (vi) IW)l~ 1x1 f or every set X of vertices of G, that is b(G) 2 1. (vii) IT] 2 [Z(T)] for every set T of vertices of G.

Proof. Since, in G*, C,,,d+(xJ = CXIEV d-(xi) by definition, p(G) is equal to 1 if and only if G* has a subdigraph
H such that every vertex x of G satisfies d;(x) = d;(x) = 1, th a is, if G* has a (1, 1)-factor (i.e. a spanning subdigraph t consisting of disjoint directed cycles). This is equivalent to Condition (iii). The equivalence of all the other conditions can be found in Theorem 2 and its remark in [2] . 0 A digraph H which satisfies d&(x) = 1 for every vertex x is called a functional graph by Berge [l] . It has the following structure.
Each connected component C of H has exactly one directed cycle y, and for every vertex x of y, the connected component of (C -y) U x containing x is a tree rooted at x with all paths directed towards x.
Let us choose a spanning subdigraph H of G* which satisfies in the given order the following conditions:
(1) For every vertex x of G, d;(x) = 1.
(2) A-(H) = P(G).
(3) H has as few cycles of length greater than 2 as possible.
(4) The maximum length 1 of a path of H is as small as possible. The proof will be divided into three steps.
Step 1: H has no cycle of length greater than 2.
A cycle of even length greater than 2 could be replaced by a symmetric digraph on a perfect matching of this cycle. This would contradict (3) . Assume that H has a cycle y of odd length.
Case 1: There exists a vertex x of y such that d;(x) < p(G).
Denote by y the successor of x and by z the successor of y on y. By replacing the arc (y, z) by the arc (y, x) in H we get a new digraph H' satisfying (1) and (2) , with fewer cycles of length greater than 2, contradicting (3).
Case 2: Every vertex x of y satisfies d;(x) = p(G).
Since p(G) > 1, there exists a path P of H -y ending at any vertex x of y. Consider such a maximal path P. Let P be x,, x,-i, . . . , x0 with x0 = x a vertex of y. As P is maximal, d-(x,) = 0. Then s Z= 1. , (x,_~, x,) . We get a new digraph H' satisfying (1) and (2), with fewer cycles of length greater than 2 than in H. This contradicts (3). 2 (1 d 2) .
Step 2: H has no path of length greater than
Otherwise, let x0, x1, . . . , xl be the vertices of a path P of maximum length I, where evidently d&x,) = 0 and the successor of xl in H is on P. Since H has no cycle of length greater than 2, the successor of x[ in H is x,_~. Then deleting the arc (xi, x2) from H and adding the arc (x1, XJ will not violate (l), (2) . . , (z,, ~1 and (u,, Y), (~2, y), , . . , (u,, y Proof. This follows from property (vii) in Theorem 2.1 when p = I, and from Theorem 3.1 when p > 1. Cl
Theorem 4.2. If G is a simple graph without isolated vertices, then a(G) = p(G).
Proof. Let A be a non-empty independent set that maximizes IAlllr(A)I and let A E l(B It has been proved recently [4] that the problem of determining b(G) can be solved in polynomial time. Therefore to determine whether p(G) is equal to a given integer k can be solved by a polynomial algorithm. This results also from remarks of [5] and [6] , but can be seen directly as given in annex. 
B = T(A) #$!I. Then
